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Dynamical systems with a prescribed
attracting set and applications to
conservative dynamics
Ra˘zvan M. Tudoran
Abstract
We provide an explicit method to construct dynamical systems which admit
an a-priori prescribed attracting set. As application, we provide a method to
construct perturbations of conservative dynamical systems, which admit an a-
priori prescribed leafwise attracting set.
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1 Introduction
The aim of this article is to provide an explicit method to construct dynamical systems
which admit an arbitrary a-priori prescribed attracting set, i.e., a closed and invariant
set which attracts every bounded positive orbit of the dynamical system. As applica-
tion, we give an answer to the following problem: given a conservative n−dimensional
dynamical system (i.e., a dynamical system which admits a (k + p)−dimensional vector
type first integral, where k + p < n) and an invariant set S (given as the level set of
a k−dimensional first integral defined by some k−dimensional projection of the origi-
nal (k + p)−dimensional first integral), construct a curve of dynamical systems starting
from the original system, such that each system on this curve is still conservative (ad-
mitting the p−dimensional first integral which together with the k−dimensional first
integral, forms the original (k + p)−dimensional first integral), keeps invariant the set
S ∩ Mrk (where Mrk is the open set consisting of the points where the rank of the
(k+p)−dimensional first integral is maximal), and moreover, the intersection of S∩Mrk
with each level set (corresponding to regular values) of the p−dimensional first integral,
is an attracting set of each system on the curve (except for the original system) restricted
to the corresponding level set.
More precisely, in the second section of this article we recall a result from [4] which
provides an explicit method to construct the class of smooth vector fields (defined on a
smooth Riemannian manifold) which admit an a-priori given set of first integrals and, in
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the same time, dissipate a given set of scalar quantities, with a-priori defined dissipation
rates. The third section represent the main part of this work, and gives an explicit
method to construct a dynamical system which admits an a-priori defined attracting
set. The only requirement needed in order to construct the vector field associated to
a given closed subset of Rn, is to know a representation of this set as a level set of
some smooth function. Consequently, since any closed subset of Rn can be expressed
as a level set of some smooth function, this method makes possible the construction of
a vector field which have as attracting set a general a-priori prescribed closed subset
of Rn. The fourth section gives an application of the results given in the previous
section, to construct leafwise attracting sets for perturbations of conservative dynamical
systems. More precisely, let S be a given dynamical system (defined on an open subset
U ⊆ Rn) which admits k+p smooth first integrals, I1, . . . , Ik, D1, . . . , Dp (or equivalently,
it admits two vector type first integrals, I := (I1, . . . , Ik) and D := (D1, . . . , Dp)). Let
Σ
D1,...,Dp
d1,...,dp
be a dynamically invariant set of S, given by the level set of the vector type first
integral D corresponding to some (regular or singular) value d := (d1, . . . , dp) ∈ Im(D).
Starting with these data, we construct a smooth family of dynamical systems {Sλ}λ≥0
(defined on the open subset Mrk((D, I)) ⊆ U consisting of the points of maximum rank
of the smooth function (D, I)), such that S0 = S|Mrk((D,I)), and for all λ > 0, the
associated dynamical system, Sλ, admits also the vector type first integral I|Mrk((D,I)),
keeps dynamically invariant the set Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)) and moreover, the invariant set
Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}) (if not void) is an attracting set ofSλ|(I|Mrk((D,I)))−1({µ}), for
every regular value µ ∈ Im(I|Mrk((D,I))). In particular, if µ is a regular value of I|Mrk((D,I))
such that the intersection of some connected components of (I|Mrk((D,I)))
−1({µ}) with
the invariant set Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)), contain a single orbit of the dynamical system
S, e.g., equilibrium point, periodic orbit, homoclinic or heteroclinic cycle (if any such
µ exists), then these orbits preserve their nature as orbits of the dynamical system
Sλ (for each λ > 0), and moreover they attract every bounded positive orbit of the
dynamical system Sλ|(I|Mrk((D,I)))−1({µ}) sharing the same connected component. In the
case of equilibrium points, these become asymptotically stable, as equilibrium states of
the dynamical system Sλ|(I|Mrk((D,I)))−1({µ}). The aim of the last section of this article is to
present the correspondents of the main results of the previous section, in the case when
the invariant set Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)) is foliated by the level sets of regular values of
the vector type first integral Dp
′→|Mrk((D,I)) := (Dp′+1|Mrk((D,I)), . . . , Dp|Mrk((D,I))), where
p′ is a natural number, such that 0 < p′ < p.
2 Dynamical systems with prescribed conserved and
dissipated scalar quantities
In this section we recall a result from [4] which provides a constructive method to obtain
the class of smooth vector fields defined on a smooth Riemannian manifold, which admits
an a-priori given set of first integrals and, in the same time, dissipate a given set of scalar
quantities, with a-priori defined dissipation rates.
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More precisely, we have the following result, which is the key ingredient to obtain
the main results of this article.
Theorem 2.1 ([4]) Let (M, g) be an n-dimensional smooth Riemannian manifold, and
fix k, p ∈ N two natural numbers such that p > 0 and 0 < k + p ≤ n. Let h1, . . . , hp ∈
C∞(U,R) be a given set of smooth functions defined on an open subset U ⊆ M , and
respectively let I1, . . . , Ik, D1, . . . , Dp ∈ C
∞(U,R) be given, such that
{∇gI1, . . . ,∇gIk,∇gD1, . . . ,∇gDp} ⊂ X(U)
form a set of pointwise linearly independent vector fields on U .
Then the set of solutions X ∈ X(U) of the system{
LXI1 = · · · = LXIk = 0,
LXD1 = h1, . . . ,LXDp = hp,
(2.1)
forms the affine distribution
A[X0;∇gI1, . . . ,∇gIk,∇gD1, . . . ,∇gDp] = X0 + X[∇gI1, . . . ,∇gIk,∇gD1, . . . ,∇gDp],
locally generated by the set of vector fields
{X0}
⊎⋆
n−(k+p)∧
i=1,i 6=a
Zi ∧
p∧
j=1
∇gDj ∧
k∧
l=1
∇gIl
 : a ∈ {1, . . . , n− (k + p)

where
X0 =
∥∥∥∥∥
p∧
i=1
∇gDi ∧
k∧
j=1
∇gIj
∥∥∥∥∥
−2
k+p
·
p∑
i=1
(−1)n−ihiΘi,
Θi = ⋆
[
p∧
j=1,j 6=i
∇gDj ∧
k∧
l=1
∇gIl ∧ ⋆
(
p∧
j=1
∇gDj ∧
k∧
l=1
∇gIl
)]
,
and respectively the set of locally defined vector fields
{∇gI1, . . . ,∇gIk,∇gD1, . . . ,∇gDp, Z1, . . . , Zn−(k+p)}
forms a moving frame. The notation ⋆ stands for the Hodge star operator on multivector
fields, and LXF := g(∇gF,X) stands for the Lie derivative of the smooth function
F ∈ C∞(U,R) along the vector field X.
Note that in contrast with the vector fields ∇gI1, . . . ,∇gIk,∇gD1, . . . ,∇gDp, which are
globally defined on U , the vector fields Z1, . . . , Zn−(k+p) exist in general only locally
around each point x ∈ U , in some open neighborhood Ux ⊆ U . Nevertheless, the
equations (2.1) have a globally defined particular solution in U , given by the vector field
X0. Moreover, if X is a vector field which conserves I1, . . . , Ik, D1, . . . , Dp (i.e., X is a
solution of the homogeneous system associated to (2.1)), then X+X0 is a global solution
of (2.1). More precisely, we have the following result from [4].
3
Theorem 2.2 ([4]) Let x˙ = X(x) be the dynamical system generated by a vector field
X ∈ X(U) which conserves the smooth functions I1, . . . , Ik, D1, . . . , Dp ∈ C
∞(U,R). As-
sume that ∇gI1, . . . ,∇gIk,∇gD1, . . . ,∇gDp are pointwise linearly independent on some
open subset V ⊆ U .
Then the perturbed dynamical system
x˙ = X(x) +X0(x), x ∈ V,
with X0 ∈ X(V ) given in Theorem (2.1), is a dissipative dynamical system, generated by
the dissipative vector field X +X0 ∈ X(V ) which conserves I1, . . . , Ik (i.e., LX+X0I1 =
· · · = LX+X0Ik = 0) and dissipates D1, . . . , Dp with (corresponding) dissipation rates
h1, . . . , hp (i.e., LX+X0D1 = h1, . . . ,LX+X0Dp = hp).
3 Dynamical systems with prescribed attracting set
This section is the main part of this paper and gives an explicit method to construct a
dynamical system which admits an a-priori defined attracting set. The only requirement
needed in order to construct the vector field associated to a given closed subset of Rn, is to
know a representation of this set as the level set of some smooth function. Consequently,
since any closed subset of Rn can be expressed as a level set of some smooth function,
this method makes possible the construction of a vector field which have as attracting
set a general a-priori prescribed closed subset of Rn.
Let us start by fixing a natural number 1 ≤ p ≤ n, and a closed subset of Rn given
by
Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}) ⊂ U ⊆ R
n,
where U ⊆ Rn is an open subset, D := (D1, . . . , Dp) : U → R
p is a smooth function, and
(d1, . . . , dp) ∈ R
p is some point in the image of D. Note that if (d1, . . . , dp) ∈ R
p is a
regular value of D, then Σ
D1,...,Dp
d1,...,dp
is a smooth (n−p)-dimensional submanifold of Rn, and
hence for every x ∈ Σ
D1,...,Dp
d1,...,dp
, the vectors ∇D1(x), . . . ,∇Dp(x) are linearly independent,
where ∇ stands for the gradient operator associated with respect to the canonical inner
product on Rn. By Sard’s theorem we know that almost all points in the image of D are
regular values, i.e., the set of singular values of D is a set of Lebesgue measure zero in
R
p. Let us denote by Mrk(D) ⊆ U the set of maximal rank points of D, i.e., the points
x ∈ U such that the vectors ∇D1(x), . . . ,∇Dp(x) are linearly independent. Recall that
Mrk(D) is an open subset of U contained in the set of regular points of D. Recall that a
point x0 ∈ U is a regular point of D if there exists an open neighborhood Ux0 ⊆ U such
that rank(dD(x)) = rank(dD(x0)), for all x ∈ Ux0. Recall also that the set of regular
points of D is an open dense subset of U in contrast with Mrk(D) which is open but not
necessarily dense. The rank of dD(·) is constant on each connected component of the
set of regular points of D. Concerning the set Σ
D1,...,Dp
d1,...,dp
, if (d1, . . . , dp) is a regular value
of D, then Σ
D1,...,Dp
d1,...,dp
⊂ Mrk(D).
Before stating the main theorem of this section, let us recall briefly some terminology
and also some classical results we shall need in the sequel. For details see e.g., [1], [5].
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In order to do that, let us consider a smooth vector field X ∈ X(U) defined on an open
set U ⊆ Rn. Then, for each x ∈ U we shall denote by t ∈ Ix ⊆ R 7→ x(t; x) ∈ U the
integral curve of X starting from x at t = 0, i.e., the solution of the Cauchy problem
dx/dt = X(x(t)), x(0) = x, defined on the maximal domain Ix ⊆ R, where Ix is an open
interval of R containing the origin. For each x ∈ U we associate the set O+x := {y ∈ U :
y = x(t; x), t ≥ 0}, called the positive orbit of x. Consequently, a subset S ⊆ U is called
positively invariant if for every x ∈ S we have that O+x ⊆ S. If a set S is positively
invariant, then so are the sets S and S˚. Let us recall that if O+x is contained in some
compact subset of U , then the solution x(t; x) is defined for all t ∈ [0,∞). If one denotes
by ω(x) := {y ∈ U : (∃)(tn)n∈N ⊂ [0,∞), tn < tn+1, tn → ∞ s.t. limn→∞ x(tn; x) = y}
the ω−limit set of x, then we have that O+x = O
+
x ∪ ω(x), and ω(x) = ω(x(t; x)), for all
t ≥ 0. Note that for all points y ∈ ω(x), we have that O+y ⊆ ω(x), and hence the ω−limit
set of x can be expressed as ω(x) =
⋂
{O+y : y ∈ O
+
x }. Moreover, for every x ∈ U such
that the set {x(t; x) : t ≥ 0} is bounded, the associated ω−limit set, ω(x), is a nonempty,
invariant, compact and connected subset of U , and x(t; x) approaches ω(x) for t → ∞,
i.e., x(t; x) → ω(x) for t → ∞. Recall that given a closed and invariant set S ⊂ U , we
say that the solution starting from a point x ∈ U approaches the set S (and we denote
x(t; x) → S), if for every ε > 0 there exists T > 0 such that dist(x(t; x),S) < ε, for all
t > T , where for every point p ∈ U , dist(p,S) := infx∈S dist(p, x). In what follows, in
order to show that a solution starting from a point x ∈ U approaches some closed and
invariant set S as t → ∞, we shall prove that ω(x) ⊆ S, and then using the attracting
property of an ω−limit set, i.e., x(t; x) → ω(x) for t → ∞, we get that x(t; x) → S for
t→∞.
Definition 3.1 Let U ⊂ Rn be an open subset of Rn and let X ∈ X(U) be a smooth
vector field that admits at least one bounded positive orbit. A closed and invariant subset
A ⊂ U will be called attracting set of the dynamical system generated by X if for
every point x ∈ U such that the set {x(t; x) : t ≥ 0} is bounded, the integral curve of X
starting from x approaches A as t→∞, i.e., x(t; x)→ A for t→∞.
Next result points out an important property of attracting sets.
Remark 3.2 Let A ⊂ U be an attracting set of the dynamical system generated by a
smooth vector field X ∈ X(U). Then for every positively invariant compact set K ⊂ U
(if any), and every point x ∈ K, the integral curve of X starting from x approaches A
as t→∞.
In the above settings, we shall construct a smooth vector field X defined on the
open set Mrk(D) ⊆ U , whose set of equilibrium points equals Σ
D1,...,Dp
d1,...,dp
∩Mrk(D), and
moreover, this set is an attracting set of X , i.e., for every x ∈ Mrk(D), such that the set
{x(t; x) : t ≥ 0} is bounded, we have that x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) for t→∞. Note
that if (d1, . . . , dp) is a regular value of D = (D1, . . . , Dp), then Σ
D1,...,Dp
d1,...,dp
⊂ Mrk(D), and
hence in this case, the vector field X admits the attracting set Σ
D1,...,Dp
d1,...,dp
.
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In order to do that, let us fix a strictly positive real number λ > 0. Then using the
Theorem (2.1), we construct a smooth vector field X ∈ X(Mrk(D)) such that
LXD1 = (−λ)(D1 − d1), . . . ,LXDp = (−λ)(Dp − dp). (3.1)
Note that by construction, Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) is a dynamically invariant set of X . By
Theorem (2.1), a particular solution of the equation (3.1) with maximal domain of defi-
nition, is given by the vector field Xλ0 ∈ X(Mrk(D)) defined as follows:
Xλ0 =
∥∥∥∥∥
p∧
i=1
∇Di
∥∥∥∥∥
−2
p
·
p∑
i=1
(−1)n−i(−λ)(Di − di)Θi,
where
Θi = ⋆
[
p∧
j=1,j 6=i
∇Dj ∧ ⋆
(
p∧
j=1
∇Dj
)]
.
Let us state now the main result of this section.
Theorem 3.3 Let S ⊂ Rn be a nonempty closed subset of Rn. Let 1 ≤ p ≤ n be a
natural number, U ⊆ Rn an open subset of Rn, and let D := (D1, . . . , Dp) : U → R
p be
a smooth function such that S = Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}) ⊂ U ⊆ R
n, for some
point (d1, . . . , dp) ∈ R
p in the image of D. Assume that Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) 6= ∅.
Then for each real number λ > 0, one can associate a smooth vector field Xλ0 ∈
X(Mrk(D)) given by
Xλ0 =
∥∥∥∥∥
p∧
i=1
∇Di
∥∥∥∥∥
−2
p
·
p∑
i=1
(−1)n−i(−λ)(Di − di)Θi, (3.2)
where
Θi = ⋆
[
p∧
j=1,j 6=i
∇Dj ∧ ⋆
(
p∧
j=1
∇Dj
)]
, i ∈ {1, . . . , p},
such that the following statements hold true.
(a) The set of the equilibrium states of the vector field Xλ0 ∈ X(Mrk(D)), i.e., E(X
λ
0 ) :=
{x ∈ Mrk(D) : Xλ0 (x) = 0}, is given by E(X
λ
0 ) = Σ
D1,...,Dp
d1,...,dp
∩Mrk(D).
(b) The vector field Xλ0 ∈ X(Mrk(D)) admits the attracting set Σ
D1,...,Dp
d1,...,dp
∩ Mrk(D).
More precisely, for every x ∈ Mrk(D), such that the set {x(t; x) : t ≥ 0} is
bounded, x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) for t→∞.
Proof. Let us define the smooth function F : Mrk(D)→ [0,∞) given by
F (x) := (D1(x)− d1)
2 + · · ·+ (Dp(x)− dp)
2, (∀)x ∈ Mrk(D).
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Let x ∈ Mrk(D) be given, and let t ∈ Ix ⊆ R 7→ x(t; x) ∈ Mrk(D) be the integral curve
of the vector field Xλ0 ∈ X(Mrk(D)) such that x(0; x) = x, where Ix ⊆ R stands for the
maximal domain of definition of the solution x(·; x).
Since the vector field Xλ0 ∈ X(Mrk(D)) satisfies by construction the relations (3.1),
we have that
LXλ0 F =
p∑
i=1
LXλ0 (Di − di)
2 =
p∑
i=1
2(Di − di)LXλ0 (Di − di)
=
p∑
i=1
2(Di − di)(−λ)(Di − di) = (−2λ)
p∑
i=1
(Di − di)
2
= (−2λ)F.
(3.3)
Using the relation (3.3), we obtain that
d
dt
F (x(t; x)) = (−2λ)F (x(t; x)), (∀)t ∈ Ix,
and hence
F (x(t; x)) = exp(−2λt) · F (x), (∀)t ∈ Ix. (3.4)
Moreover, since the set of zeros of F coincides with Σ
D1,...,Dp
d1,...,dp
∩Mrk(D), the following
sets equality holds true:
{x ∈ Mrk(D) : (LXλ0 F )(x) = 0} = Σ
D1,...,Dp
d1,...,dp
∩Mrk(D). (3.5)
(a) In order to prove that Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) = E(Xλ0 ), note that from the definition
of Xλ0 one obtains directly that Σ
D1,...,Dp
d1,...,dp
∩ Mrk(D) ⊆ E(Xλ0 ). For proving the
converse inclusion, let x ∈ E(Xλ0 ) be an equilibrium point of X
λ
0 . Hence, the
associated integral curve satisfies the relation x(t; x) = x, for all t ∈ R, and so
by relation (3.4) we get that F (x) = 0. Since F (x) =
∑p
i=1(Di(x) − di)
2 = 0,
and x ∈ Mrk(D) by definition, we get that x ∈ Σ
D1,...,Dp
d1,...,dp
∩ Mrk(D), and so as
x was arbitrary chosen from E(Xλ0 ), we obtained also the converse inclusion, i.e.,
E(Xλ0 ) ⊆ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D).
(b) In order to prove the second item, let x ∈ Mrk(D) be an arbitrary point of the
open set Mrk(D) such that the set {x(t; x) : t ≥ 0} is bounded. We shall show now
that the ω−limit set ω(x) is a subset of Σ
D1,...,Dp
d1,...,dp
∩Mrk(D). Indeed, let y ∈ ω(x)
be arbitrary chosen. Then, there exists an increasing sequence (tn)n∈N ⊂ [0,∞),
limn→∞ tn = ∞, such that limn→∞ x(tn; x) = y. Since the set {x(t; x) : t ≥ 0} is
bounded, we get that [0,∞) ⊂ Ix, and hence the relation (3.4) implies that
F (x(t; x)) = exp(−2λt) · F (x), (∀)t ∈ [0,∞). (3.6)
Consequently, for t = tn ≥ 0, n ∈ N, the equality (3.6) becomes
F (x(tn; x)) = exp(−2λtn) · F (x), (∀)n ∈ N.
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Since limn→∞ tn = ∞, λ > 0, limn→∞ x(tn; x) = y, and F is continuous, we
obtain that F (y) = 0, and hence taking into account that the set of zeros of F
is Σ
D1,...,Dp
d1,...,dp
∩Mrk(D), it follows that y ∈ Σ
D1,...,Dp
d1,...,dp
∩ Mrk(D). As y ∈ ω(x) was
arbitrary chosen, we obtain that ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩ Mrk(D). Since x(t; x) →
ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) for t→∞, it follows that x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D)
for t→∞.
Using the properties of ω−limit sets and the Theorem (3.3) we get the following
result.
Proposition 3.4 In the hypothesis of Theorem (3.3), the following assertions hold true:
(a) For every positively invariant compact set K ⊂ Mrk(D), and for every x ∈ K we
have that ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D), and consequently x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) for
t→∞.
(b) If Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) contains isolated points, then each such a point x ∈ Σ
D1,...,Dp
d1,...,dp
∩
Mrk(D) is an asymptotically stable equilibrium point of Xλ0 .
Proof. The item (a) follows directly from Theorem (3.3) and the Remark (3.2). In order
to prove the statement (b) it is enough to construct a strict Lyapunov function associated
to each isolated equilibrium state xe ∈ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) (recall from Theorem (3.3)
that the set of equilibrium points of Xλ0 equals to Σ
D1,...,Dp
d1,...,dp
∩Mrk(D)). In order to do
that, pick an isolated point xe ∈ Σ
D1,...,Dp
d1,...,dp
∩Mrk(D). Hence, there exists Uxe ⊆ Mrk(D),
an open neighborhood of xe, such that Uxe ∩ (Σ
D1,...,Dp
d1,...,dp
∩Mrk(D)) = {xe}, since xe is an
isolated point of Σ
D1,...,Dp
d1,...,dp
∩Mrk(D).
Let us define now the smooth function F : Uxe → [0,∞) given by
F (x) := (D1(x)− d1)
2 + · · ·+ (Dp(x)− dp)
2, (∀)x ∈ Uxe .
Since by hypothesis we have that Uxe ∩ (Σ
D1,...,Dp
d1,...,dp
∩Mrk(D)) = {xe}, and the set of zeros
of F in Uxe is the set Uxe ∩ (Σ
D1,...,Dp
d1,...,dp
∩Mrk(D)), it follows that xe is the unique solution
of the equation F (x) = 0 in Uxe . Recall from (3.3) that
(LXλ0 F )(x) = (−2λ)F (x), (∀)x ∈ Uxe . (3.7)
Hence, we get that F (xe) = 0, F (x) > 0, (LXλ0 F )(x) < 0, for every x ∈ Uxe \ {xe}, and
consequently F is a strict Lyapunov function associated to the equilibrium point xe.
Next result is a reformulation of Theorem (3.3) in the case when Σ
D1,...,Dp
d1,...,dp
is a closed
subset of Rn given by Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}) ⊂ U ⊆ R
n, where U ⊆ Rn is
an open set, D := (D1, . . . , Dp) : U → R
p is a smooth function, and (d1, . . . , dp) ∈
R
p is a regular value of D. In this case recall that Σ
D1,...,Dp
d1,...,dp
⊂ Mrk(D), and hence
Σ
D1,...,Dp
d1,...,dp
∩Mrk(D) = Σ
D1,...,Dp
d1,...,dp
. Moreover, in this case, Σ
D1,...,Dp
d1,...,dp
is a (n−p)−dimensional
smooth submanifold of Rn.
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Theorem 3.5 Let S ⊂ Rn be a nonempty closed subset of Rn. Let 1 ≤ p ≤ n be a
natural number, U ⊆ Rn an open subset of Rn, and let D := (D1, . . . , Dp) : U → R
p be
a smooth function such that S = Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}) ⊂ U ⊆ R
n, for some
point (d1, . . . , dp) ∈ R
p in the image of D which happens to a be a regular value of D.
Then for each real number λ > 0, one can associate a smooth vector field Xλ0 ∈
X(Mrk(D)) given by
Xλ0 =
∥∥∥∥∥
p∧
i=1
∇Di
∥∥∥∥∥
−2
p
·
p∑
i=1
(−1)n−i(−λ)(Di − di)Θi, (3.8)
where
Θi = ⋆
[
p∧
j=1,j 6=i
∇Dj ∧ ⋆
(
p∧
j=1
∇Dj
)]
, i ∈ {1, . . . , p},
such that the following statements hold true.
(a) The set of the equilibrium states of the vector field Xλ0 ∈ X(Mrk(D)), i.e., E(X
λ
0 ) :=
{x ∈ Mrk(D) : Xλ0 (x) = 0}, is given by E(X
λ
0 ) = Σ
D1,...,Dp
d1,...,dp
.
(b) The vector field Xλ0 ∈ X(Mrk(D)) admits the attracting set Σ
D1,...,Dp
d1,...,dp
. More pre-
cisely, for every x ∈ Mrk(D), such that the set {x(t; x) : t ≥ 0} is bounded,
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
for t→∞.
Using the properties of ω−limit sets and the Theorem (3.5) we get the following
result.
Proposition 3.6 In the hypothesis of Theorem (3.3), the following assertions hold true:
(a) For every positively invariant compact set K ⊂ Mrk(D), and for every x ∈ K we
have that ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
, and consequently x(t; x)→ Σ
D1,...,Dp
d1,...,dp
for t→∞.
(b) If Σ
D1,...,Dp
d1,...,dp
contains isolated points, then each such a point x ∈ Σ
D1,...,Dp
d1,...,dp
is an asymp-
totically stable equilibrium point of Xλ0 .
4 Application to conservative dynamics
The aim of this section is to apply the main results of the above section in order to pro-
vide an answer to the following problem: given a conservative n−dimensional dynamical
system (i.e., a dynamical system which admits a (k + p)−dimensional vector type first
integral, where k+p < n; for a brief introduction see, e.g., [2], [3]) and an invariant set S
(given as the level set of a k−dimensional first integral defined by some k−dimensional
projection of the original (k + p)−dimensional first integral), construct a curve of dy-
namical systems starting from the original system, such that each system on this curve
is still conservative (admitting the p−dimensional first integral which together with the
k−dimensional first integral, forms the original (k+p)−dimensional first integral), keeps
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invariant the set S ∩Mrk (where Mrk is the open set consisting of the points where the
rank of the (k+p)−dimensional first integral is maximal), and moreover, the intersection
of S ∩Mrk with each level set (corresponding to regular values) of the p−dimensional
first integral, is an attracting set of each system on the curve (excepting the original
system).
More precisely, letS be a given dynamical system (defined on an open subset U ⊆ Rn)
which admits k+p smooth first integrals, I1, . . . , Ik, D1, . . . , Dp (or equivalently, it admits
two vector type first integrals, I := (I1, . . . , Ik) and D := (D1, . . . , Dp)). Let Σ
D1,...,Dp
d1,...,dp
be a dynamically invariant set of S, given by the level set of the vector type first
integral D corresponding to some regular (or singular) value d := (d1, . . . , dp) ∈ Im(D).
Starting with these data, we construct a smooth family of dynamical systems {Sλ}λ≥0
(defined on the open subset Mrk((D, I)) ⊆ U consisting of the points of maximum rank
of the smooth function (D, I)), such that S0 = S|Mrk((D,I)), and for all λ > 0, the
associated dynamical system, Sλ, admits also the vector type first integral I|Mrk((D,I)),
keeps dynamically invariant the set Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)) and moreover, the invariant set
Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}) (if not void) is an attracting set ofSλ|(I|Mrk((D,I)))−1({µ}), for
every regular value µ ∈ Im(I|Mrk((D,I))). In particular, if µ is a regular value of I|Mrk((D,I))
such that the intersection of some connected components of (I|Mrk((D,I)))
−1({µ}) with
the invariant set Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)), contain a single orbit of the dynamical system
S, e.g., equilibrium point, periodic orbit, homoclinic or heteroclinic cycle (if any such
µ exists), then these orbits preserve their nature as orbits of the dynamical system
Sλ (for each λ > 0), and moreover they attract every bounded positive orbit of the
dynamical system Sλ|(I|Mrk((D,I)))−1({µ}) sharing the same connected component. In the
case of equilibrium points, these become asymptotically stable, as equilibrium states of
the dynamical system Sλ|(I|Mrk((D,I)))−1({µ}).
Let S be a dynamical system, generated by a smooth vector field X ∈ X(U) defined
on an open subset U ⊆ Rn, which admits k + p smooth first integrals (0 < k + p < n,
k ≥ 0), I1, . . . , Ik, D1, . . . , Dp ∈ C
∞(U,R). In order to simplify the notations, we shall
denote by I, D and (D, I), the vector type first integrals, (I1, . . . , Ik), (D1, . . . , Dp), and
respectively (D1, . . . , Dp, I1, . . . , Ik). Let S be a closed invariant set of S, given by the
level set of the vector type first integral D corresponding to some regular (or singular)
value d := (d1, . . . , dp) ∈ Im(D), i.e., S = Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}).
In this settings, following mimetically the approach given in the previous section, we
shall construct a family of smooth vector fields, Xλ0 , λ ≥ 0 (defined on the open set
Mrk((D, I)) ⊆ U consisting of those points of U such that the rank of the differential of
(D, I) : U → Rp+k evaluated at them is maximal), with properties similar to those of the
vector field analyzed in Theorem (3.3). More precisely, we shall prove that X00 ≡ 0, and
for each λ > 0, the vector field Xλ0 ∈ X(Mrk((D, I))) admits the vector type first integral
I|Mrk((D,I)), keeps dynamically invariant the set Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)), and moreover,
each of the invariant sets Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}) (corresponding to regular values
µ of I|Mrk((D,I))), is an attracting set for the dynamical system Sλ|(I|Mrk((D,I)))−1({µ}).
In order to do that, let us fix a strictly positive real number λ > 0. Then using the
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Theorem (2.1), a particular solution of the system of equations
LXI1 = · · · = LXIk = 0,LXD1 = (−λ)(D1 − d1), . . . ,LXDp = (−λ)(Dp − dp), (4.1)
is given by the vector field X = Xλ0 ∈ X(Mrk((D, I))) defined by
Xλ0 =
∥∥∥∥∥
p∧
i=1
∇Di ∧
k∧
j=1
∇Ij
∥∥∥∥∥
−2
k+p
·
p∑
i=1
(−1)n−i(−λ)(D − di)Θi, (4.2)
where
Θi = ⋆
[
p∧
j=1,j 6=i
∇Dj ∧
k∧
l=1
∇Il ∧ ⋆
(
p∧
j=1
∇Dj ∧
k∧
l=1
∇Il
)]
.
Note that by construction, Xλ0 ∈ X(Mrk((D, I))) admits the vector type first integral
I|Mrk((D,I)) := (I1|Mrk((D,I)), . . . , Ik|Mrk((D,I))), keeps Σ
D1,...,Dp
d1,...,dp
∩ Mrk((D, I)) dynamically
invariant, as well as the set Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}), for each regular value µ of
the vector type first integral I|Mrk((D,I)). Let us state now a theorem which points out
some of the main properties of the vector field Xλ0 ∈ X(Mrk((D, I))).
Theorem 4.1 Let Xλ0 ∈ X(Mrk((D, I))) be the vector field defined by the relation (4.2).
Assuming that Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)) 6= ∅, the following statements hold true.
(a) The set of the equilibrium states of the vector field Xλ0 , i.e., E(X
λ
0 ) := {x ∈
Mrk((D, I)) : Xλ0 (x) = 0}, is given by E(X
λ
0 ) = Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)).
(b) For each regular value µ of the vector type first integral I|Mrk((D,I)), the vector field
Xλ0 |(I|Mrk((D,I)))−1({µ}) admits the attracting set Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}). More
precisely, for every x ∈ (I|Mrk((D,I)))
−1({µ}), such that the set {x(t; x) : t ≥ 0} is
bounded, x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
(c) Let µ be an arbitrary fixed regular value of the vector type first integral I|Mrk((D,I)).
Then for every positively invariant compact set K ⊂ (I|Mrk((D,I)))
−1({µ}), and for
every x ∈ K we have that ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}), and consequently
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞. Particularly, if I|Mrk((D,I)) is
a proper map, then the set (I|Mrk((D,I)))
−1({µ}) is compact in Mrk((D, I)), dynam-
ically invariant, and consequently for every x ∈ (I|Mrk((D,I)))
−1({µ}), we have that
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
(d) Suppose µ is a regular value of I|Mrk((D,I)) such that Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ})
contains isolated points. Then each such a point x ∈ Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ})
is an asymptotically stable equilibrium point of Xλ0 |(I|Mrk((D,I)))−1({µ}).
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Proof. The proof follows mimetically those of Theorem (3.3) and Proposition (3.4).
At this point we have all necessary ingredients to construct a smooth family of dy-
namical systems {Sλ}λ≥0 (defined on the open subset Mrk((D, I)) ⊆ U), such that S0 =
S|Mrk((D,I)), and for all λ > 0, the associated dynamical system, Sλ, admits the vector
type first integral I|Mrk((D,I)), keeps dynamically invariant the set Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I))
and moreover, the invariant set Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}) (if not void) is an attract-
ing set of Sλ|(I|Mrk((D,I)))−1({µ}), for every regular value µ ∈ Im(I|Mrk((D,I))).
Before stating the main result of this section, recall that the dynamical system S it
was supposed to be generated by a smooth vector fieldX ∈ X(U) which admits two vector
type smooth first integrals, D = (D1, . . . , Dp) : U → R
p and I = (I1, . . . , Ik) : U → R
k.
In those hypothesis, we fixed a closed and invariant set, S ⊂ U , given by the level set
of D corresponding to some regular (or singular) value d := (d1, . . . , dp) ∈ Im(D), i.e.,
S = Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}).
Theorem 4.2 Let X ∈ X(U) be a smooth vector field defined on an open subset U ⊆ Rn,
which admits k+p smooth first integrals (0 < k+p < n, k ≥ 0), I1, . . . , Ik, D1, . . . , Dp ∈
C∞(U,R). Let S ⊂ U be a given closed and invariant set, defined as the level set of the
vector type first integral D := (D1, . . . , Dp) ∈ C
∞(U,Rp) corresponding to some regular
(or singular) value d := (d1, . . . , dp) ∈ Im(D), i.e., S = Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}).
Then, to each λ ≥ 0, we associate a smooth vector field, Xλ := X +X
λ
0 , defined on
the open set Mrk((D, I)) ⊆ U , where the smooth vector field Xλ0 ∈ X(Mrk((D, I))) is
given by
Xλ0 =
∥∥∥∥∥
p∧
i=1
∇Di ∧
k∧
j=1
∇Ij
∥∥∥∥∥
−2
k+p
·
p∑
i=1
(−1)n−i(−λ)(D − di)Θi,
where
Θi = ⋆
[
p∧
j=1,j 6=i
∇Dj ∧
k∧
l=1
∇Il ∧ ⋆
(
p∧
j=1
∇Dj ∧
k∧
l=1
∇Il
)]
.
In the above settings, the following assertions hold true.
(a) E(Xλ) = E(X)
⋂
E(Xλ0 ) = E(X)
⋂
Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)), where E(Z) stands for
the set of equilibrium points of the vector field Z.
(b) The set Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)) is a dynamically invariant set of the vector field
Xλ, for every λ ≥ 0. Moreover, for each regular value µ of the vector type first
integral
I|Mrk((D,I)) := (I1|Mrk((D,I)), . . . , Ik|Mrk((D,I))),
the set Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) is a closed and dynamically invariant set of
the vector field Xλ, for every λ ≥ 0.
(c) For each regular value µ of the vector type first integral I|Mrk((D,I)), the vector field
Xλ|(I|Mrk((D,I)))−1({µ}), λ > 0, admits the attracting set
Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}).
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More precisely, for every x ∈ (I|Mrk((D,I)))
−1({µ}), such that the set {x(t; x) : t ≥ 0}
is bounded, x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
(d) Suppose there exists µ, a regular value of I|Mrk((D,I)), such that the intersection of
some connected component of (I|Mrk((D,I)))
−1({µ}) with the invariant set Σ
D1,...,Dp
d1,...,dp
∩
Mrk((D, I)), contain a single orbit γ of X. Then γ preserves its nature as an orbit
of Xλ|(I|Mrk((D,I)))−1({µ}) (for every λ > 0), and moreover, attracts every bounded
positive orbit of Xλ|(I|Mrk((D,I)))−1({µ}), sharing the same connected component.
(e) Let µ be an arbitrary fixed regular value of the vector type first integral I|Mrk((D,I)).
Then for every positively invariant compact set K ⊂ (I|Mrk((D,I)))
−1({µ}), and for
every x ∈ K we have that ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}), and consequently
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞. Particularly, if I|Mrk((D,I)) is
a proper map, then the set (I|Mrk((D,I)))
−1({µ}) is compact in Mrk((D, I)), dynam-
ically invariant, and consequently for every x ∈ (I|Mrk((D,I)))
−1({µ}), we have that
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
(f) Suppose there exists µ, a regular value of I|Mrk((D,I)), such that the intersection of
some connected component of (I|Mrk((D,I)))
−1({µ}) with the invariant set Σ
D1,...,Dp
d1,...,dp
∩
Mrk((D, I)), contains isolated points. Then each such a point is an asymptotically
stable equilibrium point of Xλ|(I|Mrk((D,I)))−1({µ}), for every λ > 0.
Proof. Let us define the smooth function F : Mrk((D, I))→ [0,∞) given by
F (x) := (D1(x)− d1)
2 + · · ·+ (Dp(x)− dp)
2, (∀)x ∈ Mrk((D, I)).
Let x ∈ Mrk((D, I)) be given, and let t ∈ Ix ⊆ R 7→ x(t; x) ∈ Mrk((D, I)) be the integral
curve of the vector field Xλ ∈ X(Mrk((D, I))) such that x(0; x) = x, where Ix ⊆ R stands
for the maximal domain of definition of the solution x(·; x).
Since D = (D1, . . . , Dp) and I = (I1, . . . , Ik) are first integrals of X , and the vector
field Xλ0 ∈ X(Mrk((D, I))), λ > 0 satisfies by construction the relations (4.1), then using
the Theorem (2.2), it follows that the vector field Xλ = X + X
λ
0 ∈ X(Mrk((D, I))),
λ ≥ 0, satisfies the relations (4.1) too.
Hence, for each λ ≥ 0, the vector field Xλ ∈ X(Mrk((D, I))) admits the vector type
first integral I|Mrk((D,I)), and keeps dynamically invariant the set S ∩ Mrk((D, I)) =
Σ
D1,...,Dp
d1,...,dp
∩ Mrk((D, I)) = D−1({(d1, . . . , dp)}) ∩ Mrk((D, I)). Moreover, the following
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equalities hold true:
LXλF = LX+Xλ0 F =
p∑
i=1
LX+Xλ0
[
(Di − di)
2
]
=
p∑
i=1
2(Di − di)LX+Xλ0 (Di − di)
=
p∑
i=1
2(Di − di)LX(Di − di) +
p∑
i=1
2(Di − di)LXλ0 (Di − di)
=
p∑
i=1
2(Di − di)LX(Di) +
p∑
i=1
2(Di − di)LXλ0 (Di)
=
p∑
i=1
2(Di − di) · 0 +
p∑
i=1
2(Di − di)LXλ0 (Di)
=
p∑
i=1
2(Di − di)(−λ)(Di − di) = (−2λ)
p∑
i=1
(Di − di)
2
= (−2λ)F.
(4.3)
Using the relation (4.3), we obtain that
d
dt
F (x(t; x)) = (−2λ)F (x(t; x)), (∀)t ∈ Ix,
and hence
F (x(t; x)) = exp(−2λt) · F (x), (∀)t ∈ Ix. (4.4)
Moreover, since the set of zeros of F coincides with Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)), the following
sets equality holds true:
{x ∈ Mrk((D, I)) : (LXλF )(x) = 0} = Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)). (4.5)
(a) Since by Theorem (4.1) we have that E(Xλ0 ) = Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)), in order
to complete the proof of the first statement, it is enough to show that E(Xλ) =
E(X)
⋂
E(Xλ0 ). We shall prove this equality by double inclusion. The inclusion
E(X)
⋂
E(Xλ0 ) ⊆ E(Xλ) is trivial since Xλ = X+X
λ
0 . In order to show the converse
inclusion, E(Xλ) ⊆ E(X)
⋂
E(Xλ0 ), let us pick some element xe ∈ E(Xλ). Then,
since Xλ = X + X
λ
0 , Xλ ∈ X(Mrk((D, I))), it follows that xe ∈ Mrk((D, I)) and
X(xe)+X
λ
0 (xe) = 0. On the other hand, since xe ∈ E(Xλ), it follows that the inte-
gral curve of Xλ starting from xe, is constant, i.e., x(t; xe) = xe, for all t ∈ R. Con-
sequently, the relation (4.4) implies that F (xe) = exp(−2λt) · F (xe), for all t ∈ R,
and hence F (xe) = 0, which is in turn equivalent to xe ∈ Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)).
As Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)) = E(Xλ0 ), it follows that xe ∈ E(X
λ
0 ), and consequently,
since X(xe) +X
λ
0 (xe) = 0 we get that X(xe) = 0, and hence xe ∈ E(X)
⋂
E(Xλ0 ).
Since xe ∈ E(Xλ) was arbitrary chosen, it follows that E(Xλ) ⊆ E(X)
⋂
E(Xλ0 ).
(b) In order to prove that Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)) is a dynamically invariant set of
each vector field Xλ, for every λ ≥ 0, note that for λ = 0 we obtain Xλ = X ,
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and hence Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)) is an invariant set of X , since (D, I) is by def-
inition a vector type first integral of X and consequently both sets, Σ
D1,...,Dp
d1,...,dp
and
Mrk((D, I)), are invariant. Hence, in order to complete the proof of this statement,
it remains to show that Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)) is a dynamically invariant set of
each vector field Xλ, for every λ > 0. In order to do that, let us fix some λ > 0 and
x ∈ Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)). We shall show that the integral curve of Xλ start-
ing from x at t = 0, verifies that x(t; x) ∈ Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)), for all t ∈ Ix,
where Ix ⊆ R stands for the maximal domain of definition of the solution x(·; x).
Using the relation (4.4), we get that F (x(t; x)) = exp(−2λt) · F (x), (∀)t ∈ Ix.
Since x ∈ Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)) it follows that F (x) = 0, and consequently we
obtain that F (x(t; x)) = 0, (∀)t ∈ Ix, and so x(t; x) ∈ Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)),
for all t ∈ Ix. Since x was arbitrary chosen in Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)), it follows
that Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)) is a dynamically invariant set for Xλ. Moreover, since
I|Mrk((D,I)) is a vector type first integral ofXλ it follows that for each regular value µ
of I|Mrk((D,I)), the set Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}) is a closed and dynamically in-
variant set of the vector fieldXλ, since both sets, Σ
D1,...,Dp
d1,...,dp
and (I|Mrk((D,I)))
−1({µ}),
are closed and invariant.
(c) In order to prove this item, pick an arbitrary element x ∈ (I|Mrk((D,I)))
−1({µ}),
such that the set {x(t; x) : t ≥ 0} is bounded, where t 7→ x(t; x) stands for the
integral curve of the vector field Xλ|(I|Mrk((D,I)))−1({µ}), (λ > 0), starting from x at
t = 0. We shall show now that the ω−limit set ω(x) is a subset of Σ
D1,...,Dp
d1,...,dp
∩
(I|Mrk((D,I)))
−1({µ}). Indeed, let y ∈ ω(x) be arbitrary chosen. Then, there exists
a sequence (tn)n∈N ⊂ [0,∞), limn→∞ tn =∞, such that limn→∞ x(tn; x) = y. Since
the set {x(t; x) : t ≥ 0} is bounded, we get that [0,∞) ⊂ Ix, and hence the relation
(4.4) implies that
F (x(t; x)) = exp(−2λt) · F (x), (∀)t ∈ [0,∞). (4.6)
Consequently, for t = tn ≥ 0, n ∈ N, the equality (4.6) becomes
F (x(tn; x)) = exp(−2λtn) · F (x), (∀)n ∈ N.
Since limn→∞ tn = ∞, λ > 0, limn→∞ x(tn; x) = y, and F is continuous, we
obtain that F (y) = 0, and hence taking into account that the set of zeros of
F is Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)), it follows that y ∈ Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)). Since
x ∈ (I|Mrk((D,I)))
−1({µ}), and (I|Mrk((D,I)))
−1({µ}) ⊂ Mrk((D, I)) is closed and dy-
namically invariant, it follows that y = limn→∞ x(tn; x) ∈ (I|Mrk((D,I)))
−1({µ}),
and consequently y ∈ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}). As y ∈ ω(x) was ar-
bitrary chosen, we obtain that ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}). Since
x(t; x) → ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t → ∞, it follows that
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
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(d) Let γ be an orbit of the vector field X such that γ ⊂ Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ}).
Since Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) ⊆ Σ
D1,...,Dp
d1,...,dp
⋂
Mrk((D, I)) = E(Xλ0 ) it follows
that Xλ0 (γ) = {0}. As Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) is a closed and dynamically
invariant set of the vector field Xλ = X +X
λ
0 , for every λ ≥ 0, it follows that γ is
also an orbit of the same nature of the vector field Xλ, for every λ ≥ 0. The rest
of the proof is a direct consequence of (c).
(e) The proof follows directly from (c) since K ⊂ (I|Mrk((D,I)))
−1({µ}) being a compact
and positively invariant set, implies that for every x ∈ K, the integral curve of
Xλ|(I|Mrk((D,I)))−1({µ}) starting from x at t = 0, remains in K for all t ≥ 0, and hence
the set {x(t; x) : t ≥ 0} is bounded.
(f) Let us denote by Cµ a connected component of (I|Mrk((D,I)))
−1({µ}) whose inter-
section with the invariant set Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)) contains isolated points. In
order to complete the proof, it is enough to construct a strict Lyapunov func-
tion associated to each isolated equilibrium state xe ∈ Σ
D1,...,Dp
d1,...,dp
∩ Cµ. Note
that the set Σ
D1,...,Dp
d1,...,dp
∩ Cµ is dynamically invariant, and since it contains iso-
lated points, each isolated point must be an equilibrium point of the vector field
Xλ|(I|Mrk((D,I)))−1({µ}), for every λ > 0. Let xe ∈ Σ
D1,...,Dp
d1,...,dp
∩Cµ be such an equilibrium
point of Xλ|(I|Mrk((D,I)))−1({µ}). Let us denote C
µ
xe
:= Σ
D1,...,Dp
d1,...,dp
∩ Cµ. Since xe ∈ C
µ
xe
is an isolated point of Cµxe, there exists Uxe ⊆ Mrk((D, I)), an open neighborhood
of xe, such that Uxe ∩ C
µ
xe
= {xe}. By shrinking Uxe if necessary, one can suppose
that Uxe ∩ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) = {xe}.
Let us define now the smooth function F : Uxe ∩ (I|Mrk((D,I)))
−1({µ}) → [0,∞)
given by
F (x) := (D1(x)− d1)
2 + · · ·+ (Dp(x)− dp)
2, (∀)x ∈ Uxe ∩ (I|Mrk((D,I)))
−1({µ}).
Since by hypothesis we have that
Uxe ∩ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) = {xe},
and the set of zeros of F is given by Uxe ∩ (I|Mrk((D,I)))
−1({µ})∩Σ
D1,...,Dp
d1,...,dp
, it follows
that xe is the unique solution of the equation F (x) = 0 in Uxe∩(I|Mrk((D,I)))
−1({µ}).
A similar relation to (4.3), implies that
(LXλ|(I|Mrk((D,I)))−1({µ})
F )(x) = (−2λ)F (x), (∀)x ∈ Uxe ∩ (I|Mrk((D,I)))
−1({µ}).
Hence, we get that F (xe) = 0, F (x) > 0, (LXλ|(I|Mrk((D,I)))−1({µ})
F )(x) < 0, for every
x ∈
(
Uxe ∩ (I|Mrk((D,I)))
−1({µ})
)
\ {xe}, and consequently F is a strict Lyapunov
function associated to the equilibrium point xe.
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5 Application to conservative dynamics with a pre-
scribed foliated invariant set
The aim of this section is to present the correspondents of the main results of the previous
section, in the case when the invariant set S ∩Mrk((D, I)) = Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)) is
foliated by the level sets of regular values of the vector type first integralDp
′→|Mrk((D,I)) :=
(Dp′+1|Mrk((D,I)), . . . , Dp|Mrk((D,I))), where p
′ is a natural number, such that 0 < p′ < p.
More precisely, we consider a dynamical system S generated by a smooth vector field
X ∈ X(U) defined on an open subset U ⊆ Rn, which admits k+ p smooth first integrals
(1 < k + p < n, k ≥ 0), I1, . . . , Ik, D1, . . . , Dp ∈ C
∞(U,R). Let S be an invariant set of
S, given by the level set of the vector type first integral D corresponding to some regular
(or singular) value d := (d1, . . . , dp) ∈ Im(D), i.e., S = Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}).
Let us fix some p′ ∈ N such that 0 < p′ ≤ p. Then using the Theorem (2.1), a
particular solution of the system of equations
LXD1 = (−λ)(D1 − d1), . . . ,LXDp′ = (−λ)(Dp′ − dp′),
LXDp′+1 = · · · = LXDp = LXI1 = · · · = LXIk = 0,
(5.1)
is given by the vector field X = Xλ;p
′
0 ∈ X(Mrk((D, I))) defined by
Xλ;p
′
0 =
∥∥∥∥∥
p∧
i=1
∇Di ∧
k∧
j=1
∇Ij
∥∥∥∥∥
−2
k+p
·
p′∑
i=1
(−1)n−i(−λ)(D − di)Θi, (5.2)
where
Θi = ⋆
[
p′∧
j=1,j 6=i
∇Dj ∧
p∧
m=p′+1
∇Dm ∧
k∧
l=1
∇Il ∧ ⋆
(
p∧
j=1
∇Dj ∧
k∧
l=1
∇Il
)]
.
Note that by construction, Xλ;p
′
0 ∈ X(Mrk((D, I))) admits the vector type first integrals
I|Mrk((D,I)) := (I1|Mrk((D,I)), . . . , Ik|Mrk((D,I))) and
Dp
′→|Mrk((D,I)) := (Dp′+1|Mrk((D,I)), . . . , Dp|Mrk((D,I))),
keeps
(D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩Mrk((D, I))
dynamically invariant, as well as the set
(D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ (D
p′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}),
for each regular value µ of the vector type first integral I|Mrk((D,I)), and respectively
for each regular value ν of the vector type first integral Dp
′→|Mrk((D,I)). Let us state
now a theorem which points out some of the main properties of the vector field Xλ;p
′
0 ∈
X(Mrk((D, I))).
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Theorem 5.1 Let Xλ;p
′
0 ∈ X(Mrk((D, I))) be the vector field defined by the relation
(5.2). Assuming that (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩Mrk((D, I)) 6= ∅, the following
statements hold true.
(a) The set of the equilibrium states of the vector field Xλ;p
′
0 is given by
E(Xλ;p
′
0 ) = (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩Mrk((D, I)).
(b) For each regular value µ of I|Mrk((D,I)) and respectively for each regular value ν of
Dp
′→|Mrk((D,I)), the vector field X
λ;p′
0 |(Dp′→|Mrk((D,I)))−1({ν})∩(I|Mrk((D,I)))−1({µ}) admits
the attracting set
(D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ (D
p′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}).
More precisely, for every x ∈ (Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}), such
that the set {x(t; x) : t ≥ 0} is bounded,
x(t; x)→ (D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩(D
p′→|Mrk((D,I)))
−1({ν})∩(I|Mrk((D,I)))
−1({µ}),
for t→∞.
(b’) Suppose that (dp′+1, . . . , dp) is a regular value of (Dp′+1, . . . , Dp). Then for each
regular value µ of I|Mrk((D,I)), the vector field
Xλ;p
′
0 |(Dp′→|Mrk((D,I)))−1({(dp′+1,...,dp)})∩(I|Mrk((D,I)))−1({µ})
admits the attracting set Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}). More precisely, for every
x ∈ (Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ}), such that the set
{x(t; x) : t ≥ 0} is bounded,
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}),
for t→∞.
(c) Let µ, ν be arbitrary fixed regular values of I|Mrk((D,I)) and respectivelyD
p′→|Mrk((D,I)).
Then for every positively invariant compact set K ⊂ (Dp
′→|Mrk((D,I)))
−1({ν}) ∩
(I|Mrk((D,I)))
−1({µ}), and for every x ∈ K we have that
ω(x) ⊆ (D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩(D
p′→|Mrk((D,I)))
−1({ν})∩(I|Mrk((D,I)))
−1({µ}),
and consequently
x(t; x)→ (D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩(D
p′→|Mrk((D,I)))
−1({ν})∩(I|Mrk((D,I)))
−1({µ})
for t → ∞. Particularly, if I|Mrk((D,I)) or D
p′→|Mrk((D,I)) are proper maps, then
the set (Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}) is compact in Mrk((D, I)),
dynamically invariant, and consequently for every x ∈ (Dp
′→|Mrk((D,I)))
−1({ν}) ∩
(I|Mrk((D,I)))
−1({µ}), we have that
x(t; x)→ (D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩(D
p′→|Mrk((D,I)))
−1({ν})∩(I|Mrk((D,I)))
−1({µ})
for t→∞.
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(c’) Suppose that (dp′+1, . . . , dp) is a regular value of (Dp′+1, . . . , Dp). Let µ be an
arbitrary fixed regular value of I|Mrk((D,I)). Then for every positively invariant
compact set
K ⊂ (Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ}),
and for every x ∈ K we have that ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}), and
consequently
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ})
for t → ∞. Particularly, if I|Mrk((D,I)) or D
p′→|Mrk((D,I)) are proper maps, then
the set (Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ}) is compact in
Mrk((D, I)), dynamically invariant, and consequently for every
x ∈ (Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ}),
we have that
x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ})
for t→∞.
(d) Suppose µ is a regular value of I|Mrk((D,I)) and ν is a regular value of D
p′→|Mrk((D,I)),
such that
(D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ (D
p′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ})
contains isolated points. Then each such a point
x ∈ (D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩(D
p′→|Mrk((D,I)))
−1({ν})∩(I|Mrk((D,I)))
−1({µ})
is an asymptotically stable equilibrium point of the vector field
Xλ;p
′
0 |(Dp′→|Mrk((D,I)))−1({ν})∩(I|Mrk((D,I)))−1({µ}).
(d’) Suppose that (dp′+1, . . . , dp) is a regular value of (Dp′+1, . . . , Dp). Suppose moreover
that µ is a regular value of I|Mrk((D,I)), such that Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ})
contains isolated points. Then each such a point x ∈ Σ
D1,...,Dp
d1,...,dp
∩(I|Mrk((D,I)))
−1({µ})
is an asymptotically stable equilibrium point of
Xλ;p
′
0 |(Dp′→|Mrk((D,I)))−1({(dp′+1,...,dp)})∩(I|Mrk((D,I)))−1({µ}).
Proof. The proof follows mimetically those of Theorem (3.3) and Proposition (3.4),
where the smooth function F is replaced by F˜ ∈ C∞(Mrk((D, I)),R)
F˜ (x) := (D1(x)− d1)
2 + · · ·+ (Dp′(x)− dp′)
2, (∀)x ∈ Mrk((D, I)),
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or, by its restriction to certain smooth manifolds of the type
(Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}).
In the same way we did in the previous section, we construct a smooth family
of dynamical systems {Sλ}λ≥0 (defined on the open subset Mrk((D, I)) ⊆ U), such
that S0 = S|Mrk((D,I)), and for all λ > 0, the associated dynamical system, Sλ, ad-
mits the vector type first integrals I|Mrk((D,I)) and D
p′→|Mrk((D,I)), keeps dynamically
invariant the set (D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩Mrk((D, I)) and moreover, the invari-
ant set (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ (D
p′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ})
(if not void) is an attracting set of Sλ|(Dp′→|Mrk((D,I)))−1({ν})∩(I|Mrk((D,I)))−1({µ}), for ev-
ery regular value µ ∈ Im(I|Mrk((D,I))), and respectively for every regular value ν ∈
Im(Dp
′→|Mrk((D,I))). Let us state now the correspondent of Theorem (4.2) in the above
settings.
Theorem 5.2 Let X ∈ X(U) be a smooth vector field defined on an open subset U ⊆ Rn,
which admits k+p smooth first integrals (0 < k+p < n, k ≥ 0), I1, . . . , Ik, D1, . . . , Dp ∈
C∞(U,R). Let S ⊂ U be a given closed and invariant set, defined as the level set of the
vector type first integral D := (D1, . . . , Dp) ∈ C
∞(U,Rp) corresponding to some regular
or singular value d := (d1, . . . , dp) ∈ Im(D), i.e., S = Σ
D1,...,Dp
d1,...,dp
:= D−1({(d1, . . . , dp)}).
Let p′ ∈ N be a natural number such that 0 < p′ ≤ p.
Then, to each λ ≥ 0, we associate a smooth vector field, Xλ;p′ := X +X
λ;p′
0 , defined
on the open set Mrk((D, I)) ⊆ U , where the smooth vector field Xλ;p
′
0 ∈ X(Mrk((D, I)))
is given by
Xλ;p
′
0 =
∥∥∥∥∥
p∧
i=1
∇Di ∧
k∧
j=1
∇Ij
∥∥∥∥∥
−2
k+p
·
p′∑
i=1
(−1)n−i(−λ)(D − di)Θi,
where
Θi = ⋆
[
p′∧
j=1,j 6=i
∇Dj ∧
p∧
m=p′+1
∇Dm ∧
k∧
l=1
∇Il ∧ ⋆
(
p∧
j=1
∇Dj ∧
k∧
l=1
∇Il
)]
.
In the above settings, the following assertions hold true.
(a) E(Xλ;p′) = E(X)∩E(X
λ;p′
0 ) = E(X)∩(D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩Mrk((D, I)),
where E(Z) stands for the set of equilibrium points of the vector field Z.
(b) The set (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩Mrk((D, I)) is a dynamically invariant
set of the vector field Xλ;p′, for every λ ≥ 0. Moreover, for each regular value µ
of I|Mrk((D,I)) and respectively for each regular value ν of D
p′→|Mrk((D,I)), the set
(D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ (D
p′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}) is
a closed and dynamically invariant set of the vector field Xλ;p′, for every λ ≥ 0.
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(c) For each regular value µ of I|Mrk((D,I)) and respectively for each regular value ν of
Dp
′→|Mrk((D,I)), the vector field Xλ;p′|(Dp′→|Mrk((D,I)))−1({ν})∩(I|Mrk((D,I)))−1({µ}), λ > 0,
admits the attracting set
(D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ (D
p′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}).
More precisely, for every x ∈ (Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}), such
that the set {x(t; x) : t ≥ 0} is bounded, x(t; x)→ (D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩
(Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
(d) Suppose there exists µ, a regular value of I|Mrk((D,I)), and respectively ν, a regular
value of Dp
′→|Mrk((D,I)), such that the intersection of some connected component of
(Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ})
with the invariant set (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ Mrk((D, I)), contains a
unique orbit γ of X. Then γ preserves its nature as an orbit of
Xλ;p′|(Dp′→|Mrk((D,I)))−1({ν})∩(I|Mrk((D,I)))−1({µ})
(for every λ > 0), and moreover, attracts every bounded positive orbit of
Xλ;p′|(Dp′→|Mrk((D,I)))−1({ν})∩(I|Mrk((D,I)))−1({µ}),
sharing the same connected component.
(e) Let µ be an arbitrary fixed regular value of the vector type first integral I|Mrk((D,I)),
and let ν be an arbitrary fixed regular value of Dp
′→|Mrk((D,I)). Then for every posi-
tively invariant compact set K ⊂ (Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}),
and for every x ∈ K we have that ω(x) ⊆ (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩
(Dp
′→|Mrk((D,I)))
−1({ν})∩(I|Mrk((D,I)))
−1({µ}), and consequently x(t; x) approaches
(D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩(D
p′→|Mrk((D,I)))
−1({ν})∩(I|Mrk((D,I)))
−1({µ}) for
t → ∞. Particularly, if I|Mrk((D,I)) or D
p′→|Mrk((D,I)) are proper maps, then the
set (Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}) is compact in Mrk((D, I)), dy-
namically invariant, and consequently for every x ∈ (Dp
′→|Mrk((D,I)))
−1({ν}) ∩
(I|Mrk((D,I)))
−1({µ}), we have that x(t; x) approaches (D1, . . . , Dp′)
−1({(d1, . . . , dp′)})∩
(Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
(f) Suppose there exists µ and ν, two regular values of I|Mrk((D,I)) and respectively
Dp
′→|Mrk((D,I)), such that the intersection of some connected component of
(Dp
′→|Mrk((D,I)))
−1({ν}) ∩ (I|Mrk((D,I)))
−1({µ})
with the invariant set (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩Mrk((D, I)), contains iso-
lated points. Then each such a point is an asymptotically stable equilibrium point
of the vector field Xλ;p′|(Dp′→|Mrk((D,I)))−1({ν})∩(I|Mrk((D,I)))−1({µ}), for every λ > 0.
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Proof. The proof follows mimetically that of Theorem (4.2).
Remark 5.3 In the hypothesis of Theorem (5.2), if ν = (dp′+1, . . . , dp) is a regular value
of (Dp′+1, . . . , Dp), then
(D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ (D
p′→|Mrk((D,I)))
−1({ν}) = Σ
D1,...,Dp
d1,...,dp
∩Mrk((D, I)),
and moreover, the items (b), (c), (d), (e) and (f) of Theorem (5.2), become as follows:
(b’) The set (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩Mrk((D, I)) is a dynamically invariant
set of the vector field Xλ;p′, for every λ ≥ 0. Moreover, for each regular value µ
of I|Mrk((D,I)), the set Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) is a closed and dynamically
invariant set of the vector field Xλ;p′, for every λ ≥ 0.
(c’) For each regular value µ of I|Mrk((D,I)), the vector field
Xλ;p′|(Dp′→|Mrk((D,I)))−1({(dp′+1,...,dp)})∩(I|Mrk((D,I)))−1({µ}), λ > 0,
admits the attracting set Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}). More precisely, for every
x ∈ (Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ}), such that the set
{x(t; x) : t ≥ 0} is bounded, x(t; x)→ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
(d’) Suppose there exists µ, a regular value of I|Mrk((D,I)), such that the intersection of
some connected component of
(Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ})
with the invariant set (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩ Mrk((D, I)), contains a
unique orbit γ of X. Then γ preserves its nature as an orbit of
Xλ;p′|(Dp′→|Mrk((D,I)))−1({(dp′+1,...,dp)})∩(I|Mrk((D,I)))−1({µ})
(for every λ > 0), and moreover, attracts every bounded positive orbit of
Xλ;p′|(Dp′→|Mrk((D,I)))−1({(dp′+1,...,dp)})∩(I|Mrk((D,I)))−1({µ}),
sharing the same connected component.
(e’) Let µ be an arbitrary fixed regular value of the vector type first integral I|Mrk((D,I)).
Then for every positively invariant compact set
K ⊂ (Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ}),
and for every x ∈ K we have that ω(x) ⊆ Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}), and
consequently x(t; x) approaches Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞. Partic-
ularly, if I|Mrk((D,I)) or D
p′→|Mrk((D,I)) are proper maps, then the set
(Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ})
is compact in Mrk((D, I)), dynamically invariant, and consequently for every x ∈
(Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)})∩(I|Mrk((D,I)))
−1({µ}), we have that x(t; x) ap-
proaches Σ
D1,...,Dp
d1,...,dp
∩ (I|Mrk((D,I)))
−1({µ}) for t→∞.
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(f ’) Suppose there exists µ a regular value of I|Mrk((D,I)) such that the intersection of
some connected component of
(Dp
′→|Mrk((D,I)))
−1({(dp′+1, . . . , dp)}) ∩ (I|Mrk((D,I)))
−1({µ})
with the invariant set (D1, . . . , Dp′)
−1({(d1, . . . , dp′)}) ∩Mrk((D, I)), contains iso-
lated points. Then each such a point is an asymptotically stable equilibrium point of
the vector field Xλ;p′|(Dp′→|Mrk((D,I)))−1({(dp′+1,...,dp)})∩(I|Mrk((D,I)))−1({µ}), for every λ > 0.
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